INTRODUCTION w x
By an equilibrium problem, Blum and Oettli 2 understood the problem of finding Ž . Ž . EP
x g X such that f x, y F 0 for all y g X,ŵ
here X is a given set and f : X = X ª ‫ޒ‬ is a given function. We can consider more general problems as follows:
A quasi-equilibrium problem is to find
x g X such that x g S x and f x, z F 0 for all z g S x ,ˆˆˆô where X and f are as above and S: X -X is a given multimap.
A generalized quasi-equilibrium problem is to find
x g X and y g T x such that x g S x and f x, y, z F 0ˆˆˆˆˆŽ . for all z g S x , o where X and S are the same as above, Y is another given set, T : X -Y is another multimap, and f : X = Y = X ª ‫ޒ‬ is a given function.
These problems contain as special cases, for instance, optimization problems, problems of the Nash type equilibrium, complementarity problems, fixed point problems, and variational inequalities, as well as many others. There are many variations or generalizations of these problems Ž w x . see 3, 4, 8᎐13, 18 .
In this paper, we study some equilibrium problems, quasi-equilibrium problems, and generalized quasi-equilibrium problems in G-convex spaces w x using a new method of fixed point approach. In fact, the second author 11 obtained an existence theorem of generalized quasi-equilibrium problems in nonnecessarily locally convex spaces. On the other hand, the second w x author 14, 15 extended the concept of H-spaces to G-convex spaces and established the KKM theory on these spaces. By exploiting these new w x approaches, we obtain new theorems including the key results in 3 in more exact formulations under much weaker restrictions. ² : For a set D, D denotes the set of all nonempty finite subsets of D; and let ⌬ be the standard n-simplex with vertices e , e , . . . , e , where
PRELIMINARIES
e is the ith unit vector in ‫ޒ‬ nq 1 .
i w x Park and Kim 14, 15 introduced the concept of a generalized con¨ex Ž . space or a G-con¨ex space X, D; ⌫ consisting of a topological space X, a ² : o nonempty subset D of X, and a map ⌫: D -X such that for each ² : Ž A nonempty subset X of a t.v.s. E is said to be admissible in the sense w x. of Klee 7 provided that, for every compact subset K of X and every neighborhood V of the origin 0 of E, there exists a continuous map h:
It is well known that every nonempty convex subset of a locally convex 
Ž . 
A SELECTION THEOREM AND THE FAN᎐BROWDER TYPE FIXED POINT THEOREM
We begin with the following selection theorem:
Ž . Ž . Then there is a continuous function f : X ª Y such that f x g F x for all x g X; that is, F has a continuous selection.
Proof. Since X is compact, there exists a finite subset B s Ä 4
w Ž .x Note that Theorem 1 reduces to 3, Lemma 2.1 4 whenever Y is an H-space.
By the same argument, we have the following fixed point theorem:
Let X, ⌫ be a compact G-con¨ex space and let F: X -X be a map such that Ž .
Ž . i for all x g X, F x is G-con¨ex; and
Then F has a fixed point.
Proof. As in the proof of Theorem 1, we see that
where f s p. Therefore F has a fixed point.
B
As a consequence of Theorem 2, we obtain a Fan᎐Browder type fixed point theorem.
Ž . COROLLARY 1. Let X, ⌫ be a compact G-con¨ex space and let F:
Ž . i for all x g X, F x is nonempty G-con¨ex; and
Then all of the requirements of Theorem 2 are satisfied, and the conclusion follows.
Remark. H-space versions of Theorems 1᎐2 and Corollary 1 were due w x to Horvath in his earlier works; for the references, see 6 . Moreover, generalized forms of Theorem 2 and Corollary 1 were given by Park and w x Kim 14 .
From Corollary 1, we have the following equilibrium existence results: Ž . COROLLARY 2. Let X, ⌫ be a compact G-con¨ex space, and let :
Then there exists an x g X such that
Ž .
Ž . Suppose F x / л for all x g X. Then, by Corollary 1, there exists an Ž . Ž . x g X such that x g F x , which violates condition iii . Therefore, there Ž . Ž . exists an x g X such that F x s л; that is x, y G 0 for all y g X.ˆŽ . 
Ž .
Then there exist an x g X and a y g T x such thatˆ Ž .
xg X x g X w x. see 3 ; and 
F ygX Ž . Therefore, there exists an x g X such that x g F y for all y g X; that is, Ž . f x, y g A for all y g X. This completes our proof. . xgX and G is nonempty. Since X , ⌫ is a family of G-convex spaces,
o known that X, ⌫ is a G-convex space, where : X -X is the projection
Ž. for each i g I see 16, Theorem 4.1 . By i , for any x g X, the set
is G-convex. Moreover, for any y g X, we have
Ž . i i
Since I is finite, we have
Ž . By iii , we see that
Then it follows from Lemma 2 that there exists an x g X such that Ž . Ž . x, y gG for all y g X; that is, y f Ł T x for all y g X. This
Ž . implies Ł T x is empty. Therefore there exists j g I such that T x is i g I i j Ž . empty; this contradicts condition 1 . Hence there exists an x g X sucĥ Ž .
is a family of compact G-convex spaces, then condition iii 
Ž . each y s y g X is transfer open-¨alued if I is infinite. i ig I
Ž .Ł 
QUASI-EQUILIBRIUM PROBLEMS
In this section, we deal with existence of solutions of certain quasiequilibrium problems in G-convex spaces without any linear structure.
We begin with the following.
Ž .
o THEOREM 4. Let X, ⌫ be a compact G-con¨ex space, and let S: X -X Ž y Ž .
be a map with nonempty G-con¨ex¨alues and open fibers that is, S z is
. a continuous function such that x, и is G-quasi-con¨ex and x, x G 0 for all x g X .
Ž .
Ž . for x g X. Since x, и is l.s.c. and S x is compact as closed subset of X, Ž . Ž . it attains minimum. Moreover, x, и is G-quasi-convex and S x is Ž . G-convex, and hence each F x is nonempty and G-convex. Furthermore, n for any z g X, we have
Since is l.s.c. and S is u.s.c. with compact values, by Berge's theorem,
. Note that S z is open, and hence F z is
ug SŽ x . n Ž . open. Therefore, by Corollary 1, F has a fixed point x g F x for each n n n n Ž . n. Since X is compact, we may assume x ª x g X. Since x g S x ; n n n Ž . Ž . S x and the graph of S is closed, we have x g S x .n On the other hand,
Since S is l.s.c. and is u.s.c., the function
and hence
Ž . for all x g S x by ii . This completes our proof. Proof. Since : X = Y = X ª ‫ޒ‬ is u.s.c. and S is l.s.c., by Berge's theorem,
Ž . rem 0, there exists an x, y g X = Y such that
Ž . Ž .
This completes our proof. Let E be a real t.v.s., let X ; E, and let : X = X ª E be a function Ž . 
